1. Counterexample to P2. Let X be the subspace of the Euclidean plane R2 given by 0 < x g 1, 0 = y g 1 and y < § if x = 0.
Then X is locally-compact, Hausdorff and arcwise-connected. We define a multiplication on X as follows:
(x, y)-ix', y') = ixx' Max(y, /), Min(y, /))• This is well defined. For each coordinate of the product lies between 0 and 1 and if Min(y, y') ^ J, then x, x' > 0 and hence xx' Max(y, y') >0. We observe that (0, 0) is the zero of X, (1, 1) the unit of X, and that the multiplication is commutative. We now prove associativity. That of the second coordinate of a triple product is immediate. Again, by the commutativity, \XX )X »^ X yX X)y X\X X ) = yX X )Xt
Hence, in order to prove associativity for the first coordinate of a [August triple product, we can without loss of generality assume y^y". We now need a lemma on ordered sets. is an ideal of S, that is, SMQM, MSQM. Define X = S/M, the Rees quotient obtained by identifying M to a point, denoted zEX. Thus X is a commutative semigroup with unit (1, 1) and zero z. Having a zero, it cannot be a group. X is arcwise-connected and compact, being the quotient space of such a space. X is Hausdorff because 5 is a regular space and M is closed in 5. The multiplication in X is continuous because that in 5 is so.
We observe that there is an arc of idempotents from 0 to 1 in X, namely [O, l]X {1}. All other points of X are strictly nilpotent, that is, for each such xEX, there is an integer A7(x) >1 such that xN(x) = 0EX. Similarly if öo>ßi.
Hence X only admits the trivial continuous homomorphism into a topological semigroup on the unit interval. Indeed, we see that X admits no continuous homomorphism onto a one-dimensional semigroup.
Thus we have proved the following Theorem 2. There exists a compact, arcwise-connected, Hausdorff, abelian topological semigroup which is two-dimensional and has zero and identity but admits no continuous homomorphism onto a one-dimensional semigroup.
This includes the solution of problem P6 of Mostert and Shields.
